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D license.1. Introduction
Nowadays, NLEEs have been the subject of all-embracing
studies in various branches of nonlinear sciences. A special
class of analytical solutions named traveling wave solutions
for NLEEs has a lot of importance, because most of the phe-
nomena that arise in mathematical physics and engineering
ﬁelds can be described by NLEEs. NLEEs are frequently used
to describe many problems of protein chemistry, chemically
reactive materials, in ecology most population models, in phys-ics the heat ﬂow and the wave propagation phenomena, quan-
tum mechanics, ﬂuid mechanics, plasma physics, propagation
of shallow water waves, optical ﬁbers, biology, solid state
physics, chemical kinematics, geochemistry, meteorology, elec-
tricity etc. Therefore, investigating traveling wave solutions is
becoming successively attractive in nonlinear sciences day by
day. However, not all equations posed of these models are
solvable. As a result, many new techniques have been success-
fully developed by diverse groups of mathematicians and phys-
icists, such as, the Hirota’s bilinear transformation method
[1,2], the tanh-function method [4,36], the extended tanh-meth-
od [5,6], the Exp-function method [7–11], the Adomian decom-
position method [12], the F-expansion method [13], the
auxiliary equation method [14], the Jacobi elliptic function
method [15], Modiﬁed Exp-function method [16], the (G0/G)-
expansion method [17–26], the Weierstrass elliptic function
method [27], the homotopy perturbation method [28–30], the
homogeneous balance method [31,32], the modiﬁed simple
equation method [3,33–35], and so on.icense.
Traveling wave solutions of nonlinear evolution equations via the enhanced (G0/G)-expansion method 221The objective of this article is to present an enhanced (G0/
G)-expansion method for constructing exact solutions for
nonlinear evolution equations in mathematical physics via
the mKDV equation. The mKdV equation is completely inte-
grable. Therefore, the mKdV equation has N-soliton solutions.
The mKDV equation appears in electric circuits and multi-
component plasmas.
The article is prepared as follows: In Section 2, the en-
hanced (G0/G)-expansion method is discussed. In Section 3,
we apply this method to the nonlinear evolution equation
pointed out above; in Section 4, explanation of the solutions
and in Section 5 conclusions are given.
2. The enhanced (G0/G)-expansion method
In this section, we describe the proposed enhanced (G0/G)-
expansion method for ﬁnding traveling wave solutions of non-
linear evolution equations. Suppose that a nonlinear equation,
say in two independent variables x and t is given by
Rðu; ut; ux; utt; uxx; uxt; . . .Þ ¼ 0; ð2:1Þ
where u(n) = u(x, t) is an unknown function, R is a polyno-
mial of u(x, t), and its partial derivatives in which the highest
order derivatives and nonlinear terms are involved. In the fol-
lowing, we give the main steps of this method:
Step 1. Combining the independent variables x and t into
one variable n= x± xt, we suppose that
uðnÞ ¼ uðx; tÞ; n ¼ x xt: ð2:2Þ
The traveling wave transformation Eq. (2.2) permits us to re-
duce Eq. (2.1) to the following ODE:
Rðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ
where R is a polynomial in u(n) and its derivatives, while
u0ðnÞ ¼ du
dn ; u
00ðnÞ ¼ d2u
dn2
, and so on.
Step 2. We suppose that Eq. (2.3) has the formal solution
uðnÞ ¼
Xn
i¼n
aiðG0=GÞi
ð1þ kðG0=GÞÞi þ biðG
0=GÞi1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG
0=GÞ2
l
 !vuut
0
@
1
A;
ð2:4Þ
where G= G(n) satisfy the equation
G00 þ lG ¼ 0; ð2:5Þ
in which ai; biðn 6 i 6 n; n 2 NÞ and k are constants to be
determined later, and r=± 1,l „ 0.
Step 3. The positive integer n can be determined by con-
sidering the homogeneous balance between the
highest order derivatives and the nonlinear terms
appearing in Eq. (2.3). Moreover precisely, we
deﬁne the degree of u(n) as D(u(n)) = n which
gives rise to the degree of other expression as
follows:
D
dqu
dnq
 
¼ nþ q; D up d
qu
dnq
 s 
¼ npþ sðnþ qÞ: ð2:6Þ
Therefore, we can ﬁnd the value of n in Eq. (2.4), using
Eq. (2.6).Step 4. We substitute Eq. (2.4) into Eq. (2.3) using Eq.
(2.5) and then collect all terms of same powers of
(G0/G)j and ðG0=GÞj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ 1l ðG0=GÞ2
 r
together,
then set each coefﬁcient of them to zero to yield
a over-determined system of algebraic equations,
solving this system for ai; biðn 6 i 6 n; n 2 NÞ, k
and x.
Step 5. From the general solution of Eq. (2.5), we obtain
When l< 0,
G0
G
¼ ﬃﬃﬃﬃﬃﬃﬃlp tanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n : ð2:7Þ
And
G0
G
¼ ﬃﬃﬃﬃﬃﬃﬃlp coth n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n : ð2:8Þ
Again, when l> 0,
G0
G
¼ ﬃﬃﬃlp tan n0  ﬃﬃﬃlp n : ð2:9Þ
and
G0
G
¼ ﬃﬃﬃlp cot n0 þ ﬃﬃﬃlp n : ð2:10Þ
where n0 is an arbitrary constant. Finally, substituting
ai; biðn 6 i 6 n; n 2 NÞ, k, x and Eqs. (2.7)–(2.10) into Eq.
(2.4), we obtain traveling wave solutions of Eq. (2.1).
3. Application
In this section, we will exert enhanced (G0/G)-expansion meth-
od to solve the mKDV equation in the form
ut  u2ux þ duxxx ¼ 0; ð3:1Þ
where d is a nonzero constant.
The traveling wave transformation equation u(n) = u(x, t),
n= x± xt transform Eq. (3.1) to the following ordinary dif-
ferential equation:
xu0  u2u0 þ du000 ¼ 0: ð3:2Þ
Integrating Eq. (3.2) with respect to n once, we obtain
du00  xu u
3
3
þ C ¼ 0; ð3:3Þ
where C is an integration constant. Balancing the highest-or-
der derivative term u00 and the nonlinear term of the highest or-
der u3, yields 3n= n+ 2, which gives n= 1.
Hence for n= 1, Eq. (2.4) reduces to
uðnÞ ¼ a0 þ a1ðG
0=GÞ
1þ kðG0=GÞ þ
a1ð1þ kðG0=GÞÞ
ðG0=GÞ
þ b0ðG0=GÞ1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG
0=GÞ2
l
 !vuut þb1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG
0=GÞ2
l
 !vuut
þ b1ðG0=GÞ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG
0=GÞ2
l
 !vuut ; ð3:4Þ
where G= G(n) satisﬁes Eq. (2.5). Substituting Eq. (3.4) with
Eq. (2.5) into Eq. (3.3), we obtain a polynomial of (G0/G)j and
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG0=GÞ2l
 r
. From this polynomial, we equate the
coefﬁcients of (G0/G)j and ðG0=GÞj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r 1þ ðG0=GÞ2l
 r
. Setting
them to zero, we obtain a over-determined system that consists
of twenty-ﬁve algebraic equations (for minimalism, we omitted
to display them). Solving these systems of algebraic equation,
we obtain
Set 1: C ¼ 0; x ¼ 4dl; k ¼ 0; a1 ¼ l
ﬃﬃﬃﬃﬃ
6d
p
; a0 ¼ 0;
a1 ¼¼ 
ﬃﬃﬃﬃﬃ
6d
p
; b1 ¼ b0 ¼ b1 ¼ 0.
Set 2: C ¼ 0; x ¼ 2dl; k ¼ 0; a1 ¼ 0; a0 ¼ 0; a1 ¼¼ ﬃﬃﬃﬃﬃ
6d
p
; b1 ¼ b0 ¼ b1 ¼ 0.
C ¼ 0; x ¼ 2dl; k ¼ k; a1 ¼ l
ﬃﬃﬃﬃﬃ
6d
p
; a0 ¼ lk
ﬃﬃﬃﬃﬃ
6d
p
; a1
¼ b1 ¼ b0 ¼ b1 ¼ 0:
Set 3: C¼ 0; x¼ 1
2
dl; k¼ 0; a1¼ 0; a0¼ 0; a1¼
ﬃﬃﬃ
3d
2
q
;
b1¼ 0; b0¼ 0; b1¼
ﬃﬃﬃﬃﬃ
3dl
2r
q
.
Set 4: C ¼  24d2l2ðk2lþ1Þkﬃﬃﬃ
6d
p ; x ¼ 2dlð2þ 3k2lÞ; k ¼ k; -
a1 ¼ l
ﬃﬃﬃﬃﬃ
6d
p
; a0 ¼ lk
ﬃﬃﬃﬃﬃﬃ
6d;
p
a1 ¼ 
ﬃﬃﬃﬃﬃ
6d
p
ðk2lþ 1Þ; b1 ¼ b0 ¼ b1 ¼ 0:
Set 5: C¼ 0; x¼dl; k¼ k; a1¼ a0¼ a1¼ b1¼ b0¼ 0;
b1¼ 
ﬃﬃﬃﬃﬃ
6dl
r
q
.
C ¼ 0; x ¼ dl; k ¼ k; a1 ¼ a0 ¼ a1 ¼ b1 ¼ 0; b0
¼ l
ﬃﬃﬃﬃﬃ
6d
r
r
; b1 ¼ 0:
Set 6: C ¼ 0;x ¼ 2dl; k ¼ k; a1 ¼ 0; a0 ¼ lk
ﬃﬃﬃﬃﬃ
6d
p
;ﬃﬃﬃﬃﬃp  a1 ¼  6d k2lþ 1 ; b1 ¼ b0 ¼ b1 ¼ 0:Set 7: C ¼ 0; x ¼ 1
2
dl; k ¼ k; a1 ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 q
;
a0 ¼ k
ﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 q
,
a1 ¼ b1 ¼ b1 ¼ 0; b0 ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2r
 s
:
Now substituting Sets 1–7 with Eq. (2.5) into Eq. (3.4), we
obtain abundant traveling wave solutions of Eq. (3.1) as
follows:
When l< 0, we obtain the following hyperbolic solutions:
Family 1:
u1ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð6dlÞ
p
coth n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n  tanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n  Þ
where n= x+ 4dlt.
Family 2:
u2ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
tanhðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ:
u3ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
cothðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ:
where n= x  2dlt.
Family 3:u4ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 s ﬃﬃﬃﬃﬃﬃﬃlp tanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n 
 ﬃﬃﬃlp sech n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n :
u5ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 s ﬃﬃﬃﬃﬃﬃﬃlp coth n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n 
I ﬃﬃﬃlp cosech n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n :
where n ¼ x 1
2
dlt.
Family 4:
u6ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p k ﬃﬃﬃﬃﬃﬃﬃlp  ðlk2 þ 1Þtanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n þ coth n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n 
1þ k ﬃﬃﬃﬃﬃﬃﬃlp tanhðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
 !
:
u7ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p k ﬃﬃﬃﬃﬃﬃﬃlp  ðlk2 þ 1Þcothðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ þ tanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n 
1þ k ﬃﬃﬃﬃﬃﬃﬃlp cothðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
 !
:
where n= x+ 2dl(2 + 3k2l)t.
Family 5:
u8ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
sechðn0 þ
ﬃﬃﬃﬃﬃﬃﬃlp nÞ:
u9ðnÞ ¼ I
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
cosechðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ:
where n= x+ dlt.
Family 6:
u10ðnÞ ¼ 
ﬃﬃﬃﬃﬃ
6d
p lkþ ﬃﬃﬃﬃﬃﬃﬃlp tanhðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
1þ k ﬃﬃﬃﬃﬃﬃﬃlp tanhðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
 
:
u11ðnÞ ¼ 
ﬃﬃﬃﬃﬃ
6d
p lkþ ﬃﬃﬃﬃﬃﬃﬃlp cothðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
1þ k ﬃﬃﬃﬃﬃﬃﬃlp cothðn0 þ ﬃﬃﬃﬃﬃﬃﬃlp nÞ
 
:
where n= x  2dlt
Family 7:
u12ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 s
coth n0 þ
ﬃﬃﬃﬃﬃﬃﬃlp n  cosech n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n  :
u13ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3d
2
 s
tanh n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n  Isech n0 þ ﬃﬃﬃﬃﬃﬃﬃlp n  :
where n ¼ x 1
2
dlt.Again, when l> 0, we obtain the follow-
ing plane periodic solutions:
Family 8:
u14ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð6dlÞ
p
cot n0  ﬃﬃﬃlp n þ tan n0  ﬃﬃﬃlp n  :
where n= x+ 4dlt.
Family 9:
u15ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
tanðn0  ﬃﬃﬃlp nÞ:
u16ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
cotðn0  ﬃﬃﬃlp nÞ:
where n= x  2dlt.
Family 10:
u17ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3dl
2
 s
tan n0  ﬃﬃﬃlp n  sec n0  ﬃﬃﬃlp n  :
u18ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3dl
2
 s
cot n0 þ ﬃﬃﬃlp n  cosec n0 þ ﬃﬃﬃlp n  :
Figure 1 Family 1 (u1(n)), d= 1, n0 = 2, 3 6 x, t 6 3.
Figure 3 Family 3: u5(n), d= 1, l= 5, n0 = 0, 10 6 x,
t 6 10.
Figure 4 Family 2 (u3(n)): d= 1, l= 5, n0 = 0, 3 6 x,
t 6 3.
Figure 6 Family 5: u8(n), d= 2, l= 1, k= 2, n0 = 1,
3 6 x, t 6 3.
Figure 5 Family 4: u7(n), d= 1, l= 1, k= 1, n0 = 0,
3 6 x, t 6 3.Figure 2 Family 2(u2(n)): d= 1, n0 = 2, 3 6 x, t 6 3.
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Figure 8 Family 8: u14(n), d= 0.5, l= 1, n0 = 2, 10 6 x,
t 6 10.
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2
dlt.
Family 11:
u19ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p ðlk2 þ 1Þtanðn0  ﬃﬃﬃlp nÞ
1þ k ﬃﬃﬃlp tanðn0  ﬃﬃﬃlp nÞ  cotðn0 
ﬃﬃﬃ
l
p
nÞ
 !
:
u20ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p ðlk2 þ 1Þcot n0 þ ﬃﬃﬃlp n 
1þ k ﬃﬃﬃlp cot n0 þ ﬃﬃﬃlp n  þ tanðn0 þ
ﬃﬃﬃ
l
p
nÞ
 !
where n= x+ 2dl(2 + 3k2l)t.
Family 12:
u21ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
secðn0  ﬃﬃﬃlp nÞ:
u22ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
6dl
p
cosecðn0  ﬃﬃﬃlp nÞ:
where n= x+ dlt.
Family 13:
u23ðnÞ ¼ 
ﬃﬃﬃﬃﬃ
6d
p lkþ ﬃﬃﬃlp tanðn0  ﬃﬃﬃlp nÞ
1þ k ﬃﬃﬃlp tanðn0  ﬃﬃﬃlp nÞ
 
:
u24ðnÞ ¼ 
ﬃﬃﬃﬃﬃ
6d
p lkþ ﬃﬃﬃlp cotðn0 þ ﬃﬃﬃlp nÞ
1þ k ﬃﬃﬃlp cotðn0 þ ﬃﬃﬃlp nÞ
 
:
where n= x  2dlt
Family 14:
u25ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3dl
2
 s
cot n0  ﬃﬃﬃlp n  cosec n0  ﬃﬃﬃlp n  :
u26ðnÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3dl
2
 s
tan n0 þ ﬃﬃﬃlp n  sec n0 þ ﬃﬃﬃlp n  :
where n ¼ x 1
2
dlt.Figure 7 Family 6: u10(n), d= 2, l= 1, k= 0, n0 = 0,
3 6 x, t 6 3.
Figure 9 Family 9 u15(n), d= 5, l= 1, n0 = 5, 10 6 x,
t 6 10.4. Explanation of the solutions and graphical representations
4.1. Explanation of the solutions
In this sub-section, we will discuss the explanation of obtained
solutions of the mKDV equation. It is interesting to point out
that the delicate balance between the nonlinearity effect of u2ux
and the dispersion effect of uxxx gives rise to solitons, that after
a fully interaction with others, the solitons come back retaining
their identities with the same speed and shape. The mKdV
equation has solitary wave solutions that have exponentially
decaying wings. If two solitons of the mKdV equation collide,
the solitons just pass through each other and emerge
unchanged.
The determined solutions from Family 1 to 7 for l< 0 are
hyperbolic function solutions, said to be travelling wave solu-
tions. For l < 0, Family 1–3 (u5(x, t)), Family 4–5 (u9(x, t)),
Family 6–7 (u12(x, t)) all are soliton like solutions which are
special kind of solitary waves. For l< 0 , Family-3 (u4(x,
t)), Family-5(u8(x, t)), and Family-7 (u13(x, t)) are complex
Figure 10 Family 12: u21(n), d= 5, l= 1, n0 = 5, 10 6 x,
t 6 10.
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Family-2 (u3(x, t)) gives singular kink wave solutions.
Again for l> 0, Family 8-14 are trigonometric function
solutions, also said to be traveling wave solutions that are peri-
odic. The wave speed x plays an important role in the physical
structure of the solutions obtained above. For the positive val-
ues of wave speed x, the disturbance represented by
u(n) = u(x  xt) is moving in the positive x-direction. Conse-
quently, the negative values of wave speed x, the disturbances
represented by u(n) = u(x  xt) are moving in the negative x–
direction. Moreover, the graphical demonstrations of some ob-
tained solutions for particular values of the parameters are
shown in Figs. 1–10 in the following sub-section.
4.2. Graphical representations
Some of our obtained traveling wave solutions are represented
in the following ﬁgures with the aid of commercial software
Maple:
5. Conclusion
In this article, we have established an enhanced (G0/G)-expan-
sion method and utilized it to ﬁnd the exact solutions of non-
linear equations with the help of symbolic computation
software Maple. We have successfully obtained abundant trav-
eling wave solutions of the mKDV equation. When the param-
eters are taken as special values, the solitary wave solutions
and the periodic wave solutions have originated from the exact
solutions. Taken as a whole, it is worthwhile to mention that
this method is effective for solving other nonlinear evolution
equations in mathematical physics.
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